Chapter
2

M otion of centre of mass

2.1 Velocity of centre of mass of a system

In chapter 1, we know how to locate the centre of mass of a system. Now we
turn our attention to the velocity of the centre of mass of a system. Equation
1.2(iii) obtained in section 1.2 of chapter 1 is for position of centre of mass
of n particles relative to the origin O of a given reference frame. When the
centre of mass of a system is not stationary in a given reference frame, its
velocity can be obtained from the time derivative of the equation for the
position of centre of mass.

According to equation 1.2(iii),

P mr+mi, +...+mfr,
cm M

We obtain the centre of mass velocity V., by differentiating each term in
equation 1.2 (iii) with respect to time
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M
MV, =4 mV, (2.1(ii)
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The quantity MV is the momentum of i particle. Thus the right hand side

of equation 2.1(ii) is the total momentum of the system of n particles. The
left hand side of this equation is the momentum of a particle with mass equal
to total mass M of the system and velocity equal to the velocity of centre of
mass of the system. We therefore have the important result that the total
momentum of a system of particlesis equal to the momentum of a single
particle of mass M located at the centre of mass of the system and is
moving with centre of massvelocity Vem.

Thus, momentum of asystemis
P=MV,_ (2.1(iii))

We are generdly interested to calculate the momentum of rigid bodies like
billiard balls or vehicles. The momentum of rigid body is easily found by
product of mass of the body and velocity of the centre of mass of the body.

Example2.1 Velocity of centre of mass of a system of two vehicles

A bus of mass 3000 kg is moving towards east with avelocity of 15 m/son a
straight road. A car of mass 1000 kg is moving towards west with a velocity
of 10 m/s. Find velocity of centre of mass of the two vehicle system.

Solution  To determine the velocity of centre of mass of bus plus car system,
total mass M, of bus can be assumed as a particle moving with its velocity.

Similarly, the total mass M, of the car can be assumed as a particle moving
with its velocity. The velocity of centre of massis

_mv, +my,
m +m,

_ 3000x15-1000x 10
3000+1000

cm

= 8.75m/s.
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Thus, the centre of mass of the two vehicles system is moving with a
velocity of 8.75 m/s towards east.

Example 2.2 Velocity of centre of mass of a system of particles movingin

different directions

A 5 kg particle is moving in north direction with a velocity 3 m/s. A 2 kg
particle is moving with a velocity 15 m/sin a direction 37° west of south. A
third particle of mass 3 kg is moving such that the centre of mass of a system
of these three particle moves towards north east direction with a velocity of

52 m/s.

(A) Find momentum of the system

(B) Find the velocity of third particle.

Solution  The momentum of system is given by product of tota mass of the

system and centre of mass velocity.

. Thus, the total momentum of systemis
P=(m+m,+m,)v,
The magnitude of momentum of the systemis

P=(5+2+3)5/2

= 50x/§kg m/s.
Thus, the momentum of the system is 50 kg m/sin north east direction.
(B) Take the axesas shown in figure 2.2(A).
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The velocities of three particles are as follow:

(Figure 2.2(A))

Particle Mass (in kQ) Velocity (in m/s)
First 5 3]

Second 2 -15sin37i - 15¢c0s37]
Third 3 v,

The velocity of centre of mass of systemis

or  5J2cos45 +52sin45] =

or

g = MV +my, +mi
Tom+m+m,

5(3])+2(- 15sin37 - 15c0s37] +V,)

5+2+3

(5i“+5j)10=151°—30x§i215><i51 j+V,

v, = (50-+18)i +(50- 15+12) ] = (681 +47])m/s

v, =+/(68)° +(47)

= 82.66 m/s

Let the velocity of third particle makes « angle with east direction.

V
tang :_yzﬂ
v, 68

X

47
=tan!| — |.
k (68)
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Thus, the third particle is moving in a direction tan‘l(%) north of east with

avelocity of 82.66 m/s.

Example 2.3 Velocity of centre of mass of particles in three dimensional
motions

Particles A, B, C and D having masses 1 kg, 2 kg, 4 kg and 8 kg respectively
are moving with velocities (iA+5f - 3|2)m/s, (3iA+3] - |2)m/s, ( 7+ |2) m/s
and (f + I) m/s respectively. Find velocity of centre of mass of the system of
the particles.

Solution  Thevelocity of centre of the systemis

_— MV, + MgV + MV + MV,
cm
m, +Mm; + m. +m,

17 +5] - 3)+2(3 +3] - k)+4(- 7 +K)+8( +])
N 1+2+4+8

2.2 Acceleration of centre of mass of a system

In section 2.1, we know how to find the velocity of centre of a system. Now
we turn our attention to the acceleration of centre of mass of a system. We
can find the acceleration of centre of mass by again differenting each termin
equation 2.1(i) with respect to time.

According to equation 2.1(i),

vV mv, + myV, +...+ mV,
cm M
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v, av,
+sz+---+mn o

v,
or Ve, _ M ot
dt M

4 ma, + ma, +...+ ma, 2.2()

" M

Example 2.4 Acceleration of centre of mass of a vehicles system

Two cars A and B having masses 1000 kg and 2000 kg respectively are
moving in same direction. At t = t;, car A starts to accelerate with an
acceleration 10 m/s” while brake is applied by driver of car B which is cause
of deceleration of 5 m/s’. Find acceleration of centre of mass of the system
of thecarsat t = t;.

Solution  The acceleration of centre of mass systemis
_ M, +Myag
m,+my

~ 1000 10+ 2000(- 5)
1000+ 200

A

=0
Thus, the acceleration of the centre of mass of the system of carsis zero

Example 25 Acceeration of centre of mass of a system of particles in
three dimensional motions

A system consists of masses 1 kg, 2 kg and 4 kg moving with acceleration
(f+2f+3l€)m/sz,(2f- J°+3l2)m/s2 and (iA+ |2)m/82 respectively at t = 0.
Find acceleration of centre of mass of the systemat t = 0.

Solution  The acceleration of the centre of mass of the systemis
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3 _ ma +ma, + ma,
" m +m, +m,

1(i“+21°+3|2)+ 2(2f - j+3|2)+ 4(i“+ 12)
- 1+2+4

_ 9 +13k
7

:[g'ﬁgﬁjm/sz
7 7

Example 2.6 Consder the situation shown in figure. Both the pulley and the
string are light. Blocks A and B are smooth while wedge of mass 15 kg is
fixed. Find acceleration of centre of mass of wedge plus blocks system
shown in figure2.6 (A).

(Figure 2.6(A) y (Figure 2.6(B)

Solution  The force diagram of block A isshown in figure 2.6(C). According to
Newton’s second law of motion,

N, a

37° m,g cos37°

(Figure 2.6(C)
T -mg Sin37 =m;a
or T-12=2a (i)
(104)
The force diagram of block B is shown in figure 2.6(D).



(SN

m,gsin53°
m,gcos5323 (Figure 2.6(D)
According to Newton’s second law of motion,

m,gsin53’- T =m,a
or 24-T =3a (i)
Adding eq" (i) and (ii)
24 - 12 = 5a
a=24ms.

Take the axes shown in figure 2.6(B). The acceleration of the block A is

~

8, = 2.4c0s37° +2.4sin37° |
Similarly, the acceleration of the block B is
a, =2.4c0s53°i - 2.4sin53°].

As the wedge is fixed, its acceleration is zero. The acceleration of centre of
mass of the systemis

o o MATMA +ma,
m +m, +m,

m

_ 4.8c0s37i +4.8sin37] +7.2c0s53 - 7.2sin53] +0
2+3+15
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=(0.417 - 0.14])m/ s’

Example 2.7 Three particles A, B and C having masses 1 kg, 2 kg and 3 kg
are being acted upon by forces 1N in east direction, 2 N in north direction
and 3 N in upward direction respectively. Find the magnitude of acceleration
of centre of mass of the system.

Solution  Takethe axesasshowninfigure2.7(A).

ya North
X >X
West East
V4
upward y¥South (Figure 2.7(A))

The acceleration of particle A is

The acceleration of the centre of mass of systemis

3 _ma +ma, + mg,
" m +m,+m,
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2.3

:(EHE j°+llzjm/s2
6 3 2

The magnitude of the acceleration of the centre of mass of the systemis

S CRSRC)

=0.62 m/s®

Newton’s second law of motion and the centre of mass

Consider two particles A and B having masses m; and m, are connected to a
light spring of spring constant k. They rest on a smooth horizontal surface
(shownin figure 2.3(a)).

B A

m, —wwwww— M — F

Figure 2.3(a)

At t = 0, a force F is applied on the particle A. Let a an instant t, the
extension in spring is x.

F - kx
The acceleration of particles A and B at instant t are %:Tand

kx
a = E . Taking advantage of equation 2.2(i), the acceleration of centre of

mass of the system of two particlesis

("2 )

m+m,

A =

__F
m+m,
(107)

(2.3(1))
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For extensive discussion of our two particles system, it is essentia to
examine the forces acting on the particles. The internal force on the system
Is that exerted by the spring. The external forces on the system are the
normal reaction exerted by the surface on the particles, the force of gravity
exerted on each particle, which balances the normal reaction and the applied
force F on the particle A. The resultant force on the system is found by
vector sum of external forces and internal force p. The force exerted by the
spring on particle A is equal and apposite to that exerted on the particle B.
From this it is clear that the sum of internal forces in a system is always
zero. The sum of the forces on the system can be replaced by the sum of all
external forces. The resultant external force on our system is applied force F
on the particle A. So the equation 2.3(i) is restated here, rearranged slightly
for convenience.

F=(m+m,)a, (2.3(ii)

This result of course, is Newton’s second law of motion. This remarkable
equation says that no matter how complicated the system of particles, the
centre of mass moves like an imaginary particle of mass equal to total mass
M of the system under the influence of the net external force on the system.
In general, for asystem of n particles,

a Fet=Ma,, (2.3(ii)

Where vector sum of external forces on the system isj Fext and M is the
total mass of the system

Stationary centre of mass of a system of moving particles

It is clear from our arguments about motion of centre of mass of a system
that the centre of mass moves like a particle of mass equal total mass of
system located at the system centre of mass and resultant external force
acting on the system is applied on it. In this case the acceleration of centre of
mass is quite independent of the points to which external forces are applied.
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Let us consider a system of n particles. Each particle is acted upon by forces
due to al other particles of the system while net external force on the system
IS zero.

It follows from eq" (2.3(iii) that if Fext=0, then & _=0, and therefore,
velocity of centre of mass is constant. If we assume that the particles of the
system are moving in an inertial frame K such that the centre of mass of the
system is initially at rest in the inertial frame K The velocity of centre of
massat aninstanttis

Vm :qu+a'Cmt

Cli
=0+0xt=0.

From this it is important to keep in mind that if net external force on
system is zero and its centre of mass is initially at rest in an inertial
reference frame K, it remains fixed in the inertial reference frame K
even when the particlesindividually move and acceler ate.

Taking the advantage eq" 2.1(i), the momentum of the considered system is
aways zero.

vV — myV, + my, +...+ mv.

cm

I’T’!L-i- ITI2 "|‘|'T'ln
or 0O=mVv, +myV, +...+mv.
or mﬁ+n12£+...+rmdr"=6
dt dt dt
or MAF, + MAF, +...+ MAF, =0 2.4(1)

The relative displacement of i particle seen from first particle is given by

AT = AT — AT,
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MAT, + MAT, +...+ M AF, =0
or M, (AR, — AT ) +m, (AT, — AT ) +...m, (AT, - AT})

=—(MAF, + MAF, +...+ MAF, )

or D mArL =—AR, Y m

Ar = 2 4(ii)

2.8 Two blocks A and B of mass 2 kg and 3 kg respectively are tied by a light
spring of spring constant 100 N/m (shown in figure 2.8(A)) and placed on a
smooth horizontal surface. Blocks are released from rest at the instant when
compression in spring is 10 cm. Find distance moved by the blocks before
spring comes in its natural length.

A B
e

(Figure 2.8(A))

Solution  Consider block A plus block B to be a system. As both blocks are
released from rest, the initial velocity of centre of mass of the system is zero.
The forces exerted by spring on blocks are internal force of the system. No
external force acts on the system along the horizontal surface. So
acceleration of centre of mass the system is zero. Hence, the centre mass of
the system remains fixed during motion of blocks. When spring comes in
natural length, the relative displacement of block B seen from block A is

r,, = (0.1m)i.
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A

The displacement of block A is

= MAL, n i
AT, = — (formeq'2.4 (ii))
m +m,

3007
3+2

__03_ —0.06m
5

Similarly, AT, = —MAL

=0.04m
=4cm

Thus, the block A moves 6 cm leftward along the horizontal surface and the
block B moves 4 cm righter along the horizontal surface.

Alternative method:

Let the magnitude of displacement of blocks A and B are Dr, and Dr, aong
the surface

Ar,+Ar, =10 cm ()
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AP = MAn+mAr

cm

m-+m,
or 0=-mAr, + mAr,
or MAr, = myr,
or 2Ar, = 3Ar, (i)
n (i oy U (3557
Fromeq" (i) and (ii) h= 20~ 208

Ar,=6cm, Ar,=4cm

29 A bomb of mass 10 kg initialy at rest on a smooth horizontal surface
explodes and breaks into four fragments of mass 1 kg, 2 kg, 3 kg and 4 kg. 1
kg fragment moves in east direction with a velocity 5 m/s, 2 kg fragment
moves in north direction with velocity 10 m/s, and 3 kg fragment moves in
north east direction with velocity 20J2 m/s. What is the velocity of 4kg
fragment?

Solution  As bomb is initially at rest, the velocity of centre of mass is zero
before explosion. During explosion, no external force acts on the system
along the surface. This means that the centre of mass remains stationary.

Take the axesas shown in fig. 2.9(A).

Y| North

West East

Y ! south Figure2.9(A)
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Fragment mass (kQ) velocity (in m/s)
First 1 05
Second 2 101
Third 3 100 +10]
Forth 4 V,

Taking the advantage of eq" 2.1(i),

\7 — mv, + myv, + me.Vs +m,\v,

cm

m +m, +m, +m,

or 0=1(50 )+2(10])+3(10i - 10)+ 4V,
g, =27+107
<=3 g

The magnitude of velocity of forth fragment is

w2 ()

=26.9m/s

Thus, the velocity of forth fragment is 26.9 m/s in a direction tan™ (0.4)
north of east.
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2.10 A plank of mass 40 kg and length 9.4 m is placed on a smooth horizontal
surface. At the left end is a boy named Rishu of mass 30 kg holding a ball of
mass 4 kg. At the right end is a boy named Priyansh of mass 20 kg. Att =0,
Rishu throws the ball toward Priyansh at a speed vo =9 m/s.

(A) What is magnitude of the velocity “V’ of the plank together with boys
when the ball isin air?

(B) How long does ball take to reach Priyansh?
(C) During this time how much has the boat moved? (Neglect air resistance)

Solution  If the plank, ball, Rishu and Priyansh are taken as a system, net
external force on the system in horizontal direction is zero. As initia
velocity of the centre of mass is zero, the centre of mass of the system will
remain stationary during the motion.

(A) The velocity of centre of massis zero.

mV+mV+mV-+mV, =0

or (nl_i_mz—i'rrk)v =-mV
) m\V,
m +m, +m,

4y, -4° 9

= O:_

90 90

V =

=-04m/s.
Thus, the plank is moving to the left with aspeed V = 0.4 m/s.

(B) The time it taken the ball to reach Priyansh will be the time in which it
taken the ball and the plank to go a combined distance of L with the ball
moving to the right and the plank moving to the | eft.
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Here, L=Vot+Vt

= Ot + 0.4t
= (9.4)t
_ L _94_
94 94

(C) During this time, the plank moved a distance
d=Vt=04x1=04m

2.11 A child of mass m¢ = 45 kg sitting on horizontal smooth surface, throws a
ball of mass m, = 5 kg from zero height at speedv, =3,10m/s. The total
distance between the ball and the child is X, = 10 m when the ball lands.

(a) At what angle was the ball thrown?
(b) How fast isthe child moving?

Solution  Since there are no external forces in the horizontal direction on the
ball — child system, the centre of mass does not move in horizontal direction
when the ball is in the air. We can use this fact to find how far the ball
traveled before it hit the ground.

Taking the advantage of eq" 2.4(ii), the horizontal distance moved by ball is

M X
m,+m

_-45(-10)
50

Xb:_

From the formula of range,
_u’sinZ
g
(115)



or

=

9=gsin2a
10
sn2a =1

a =45°

Thus, the ball was thrown at an angle 45° with horizontal.

(b) The velocity of centre of massis zero in horizontal direction.

212

Solution

o MhY, Cosa - My,
m,+m
v — m,V, COSa
=—2b
m,
_ 5x310c0s45
45

A man of mass m; = 50 kg is standing on a stationary flatboat of mass
m, = 100 kg so that he is 40 m from the shore of a pond. The surface
of the pond is smooth. The man walks 9 m on boat away from the
shore and then halts. How far is he from the shore at the ends of this
time?

In this case, no external force acts on the man-boat system.
The distance moved by boat on the surface of pond is

Ar'zz_ r‘nlAFlZ
m+m

(116)



2.13

50x9

- 50+100

Negative sign indicates that, the boat moves 3 m towards shore.
Thus, the distance of man from shoreis
S=40+9-3
=46 m.
Alternative method:

In this case, no external force acts on the system in horizontal
direction and the initial velocity of centre of mass of the system is
zero. Therefore, the centre of mass will remain stationary during
motion.

Let boat moves through distance x towards the shore. Therefore, the
distance moves by man is 9 — x away from the shore

A AT+ mAT,
m+m

or =50(9- x)- 100 X

Thus distance of man from shoreis
S=40+9-x
=46 m.

An actor of mass m; = 120 kg and an actress of mass m, = 30 kg are
sitting on a smooth ice surface at distance in apart. They starts to pull
at what distance from the actor’s original position do they great to
each other
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Solution

2.14

Solution

Consider actor plus actress to be a system. The force exerted by string
on the actor is equal and opposite to that exerted string on the actress.

Thus, resultant force on the systemis size. Initially they arein rest. As
initialy they are at rest, the centre of mass of the system will remain
stationary through the problem.

Taking the advantage of eq" 2.4 (ii)

Ari:_ rnZAer
m +m,
_my(-d)
m +m,

Ar, =

60
=-—(-9
1800

=3m

An ant of mass m crawls along the periphery of a circular uniform
disc of radius R having mass M placed on the smooth horizontal
surface. Initially both are at rest. What is the total distance traveled by
the centre of disc when the ant reaches at opposite end?

(Figure 2.14(A))

Consider disc plus ant to be a system. As both are initialy at rest, the
initial velocity of the centre of mass is zero. No external force acts on
the system along the horizontal surface. Therefore the acceleration of
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2.15

centre of mass of the system is zero. Hence, the centre of mass
remains fixed during motion of ant and disc.

The distance of centre of mass C of the system from centre O of the
MR

m+M

discis n=0C=

The distance of centre of mass C of the system fromthe ant is

MR
r,=AC= :
m+ M
Since, these distance are constant, the centre of disc and will move of

radius OC on circular path about mass centre C. Similarly the ant will
describe a circle with radius AC (shown in Figure 2.14(B)).

Path of ant

Path of centre of disc (Figure 214(8))

In figure 2.14(B), A is initia position of the ant with respect to disc
and A’ is final position of ant with respect to disc. A’’ is final position
of the ant in the frame of ground O’ is final position of the disc centre
in the frame of ground.

Thus, the distance moved by the centre of thediscis

_pmR
m+ M

S=pr,

Ram (60 kg), Sham (80 kg) and Mohan (110 kg) are seated in line on
a9 mlong plank (150 kg) at equal distance between them. Ram and
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Shyam interchanges their positions while Shyam comes at middle of
plank.

How much distance the plank moves?

Shyam Mohan

Ram '1{ ﬁ

Solution Here m, = 150 kg,
m, =60Kg, ry =4.5m
mM;=80Kkg, r;;=-45m
m; =110kg, rso=-45m
The distance moved by the plank is

— (mzrzl T rnir31 T m4r41)
m+m, +m, +m,

{60(4.5)+80(- 4.5)+110(- 4.5)}
150+ 60+80+110

X

=146m

Alternative method

Consider Ram, Shyam, Mohan and plank as a system. As there is no
external force on the system and the system is initialy at rest, the
centre of mass of the system remains fixed.

Let the plank move leftward a distance Ax, in the frame of ground.
The displacement of Ram in the frame of ground is

AX, =4.5-AX,
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2.16

Solution

The displacement of Shyam in the frame of ground is
Ax, =—(4.5+Ax,)
The displacement of Mohan in the frame of ground is

Ax, =—(45+Ax).

Ax = MAX, + MAX, + MAX, + M,AX,
Ton = M, +m, +m, +m,
or 0= mAX, + MAX, + MAX, + m,AX,

or 0=150(—Ax, )+ 60(4.5—Ax )—80(4.5+Ax )—110(4.5+Ax,)
AX, =146 m

Three bugs A, B and C having masses m, 2m and 3m respectively are
on a rectangular plate of mass 4m placed on smooth horizontal
surface. They start to move with velocities vq, 2vo and 3v, respectively
with respect to plate in directions shown in figure 2.16(A).

Y

Vo 2VO
B E
[ ]
A

37°
C y'

Figure 2.16(A) Figure 2.16(B)
What is the magnitude of velocity of the plank?

If the plank + bugs are taken as a system, net external force on the
systemin x —y planeis zero. Asinitial velocity of the centre of mass
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2.5

IS zero the centre of mass will remain stationary during motion of
bugs and plate.

The velocity of centre of massis zero.
my, +m,v, + myv, + m.v, =0

or M (V- V)M, (V- )+ mg (Y - V) +m (Ve - )
=- (M +m,+my+my )Y,

- _ {mAVArel - rnB\_/’BreI - rT‘CVCreI }
m +m,+mg +m,

—

Vi

{mVo J +(2mv,i ) +3m3v, cos37i +3v, sin37 ]}
4m+m+2m+3m

Motion of centre of masswith constant velocity

From eq" 2.3(iii), § Fext=Ma_, it isclear that if net external force on

a system is zero, the acceleration of centre of mass is zero. It means
centre of mass moves with constant velocity. The displacement of

centre of mass of systemintimetis

S=Vv,_t.

cm
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Example 2.17

Solution

m, o m

— Vo Fvww
smooth (Figure 2.17(A))

Figure 2.17(A) shows two blocks of masses m; and m, placed on
smooth horizontal surface. At t = 0O, the centre of mass of these two
blocks system is at the origin. At t = to, the spring is in the state of
maximum compression.

(A) Find momentum of systematt=0andt =t,.
(B) Find position of centre of massat t = t,.
(A) Theinitial velocity of centre of massis
__ MV
m +m

As net external force on system in horizontal direction during motion
of blocksis zero, the velocity of centre of mass will remain constant.

u

cm

V. =u

cm cm

-+ The momentum of systemis
P=(m+m)y,
v,
= (m+m,)— 2o
= MyVg

(B) - X — Xo = Vemlo
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or x—O:( MY Jto
m +m,

X = LA
m+m,

Example 2.18

Solution

m,

My [ Fwwlm]

Figure 2.18(A) shows three blocks of masses m;, m, and m; placed
on smooth horizontal surface. Masses m, and mz are connected by a
light spring. Collision between m; and m, takes place at t = t,.

Figure 2.18(A)

(A) Find momentum of the system of blocks at t = 2t,.

(B) Find displacement of the centre of mass of the system of blocksin
time 2t,.

No external force acts on the system of blocks. Therefore, the centre
of mass of system moves with constant velocity.

_ MV, MV, ¥ My,
m +m,+m,

Y/

cm

_ MY
m +m, +m,

(A) The momentum of systemis

P=(m+m,+m)v,,
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2.19

Solution

2.20

(m +m, +my)my,
m, +m, +m,

= MyVo

(B) The displacement of centre of mass of the systemintime 2ty is

S= ch(zto)

__2my,
m +m, +m

Two blocks A and B of masses m and 2m respectively and carrying
charges +q; and -, are kept at distance d apart on a smooth
horizontal surface. Now block A is projected with speed v, away from
the block B. Find velocity of centre of mass of two blocks system at
an instant t.

In this case, the weight of the blocks and the normal reaction balance
each other. The force of electric interaction is interna force of the
system. As net external force on the system is zero, the centre of mass
of system moves with constant velocity

_ My, +my,
m+m,

cm

__ ™ %
m+2m 3
Particles A and B of masses m and 2m respectively are moving as

such the velocity of the centre of mass of the system of blocks isvor.
During motion, they interact to each other in complicated manner. At

an instant t, the velocity of particle A is ao(l- e'bt)f. Find the
velocity of particle B at instant t.
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Solution

2.6

221

As velocity of centre of mass is constant, no net external force acts on
the system.

Vi — mAvA + rnB\_iB
cm mA + rr]B
- ma, (1- e™)i +2my,
or Vol =
m+2m
or vyl =a,(1- &™)i +29,
or 2, =3vyf - gy (1- &™)i

. 3 |
A ={§v0 —%(1—e ™ )}I :
Accelerated motion of centre of mass

If net external force on a system is not zero, the acceleration of the
centre of mass of the system is non zero and the velocity of the centre
of mass changes. The acceleration of centre of mass is ssmply found
by net external force on the system divided by total mass of the
system. Let us consider some examples associated with accelerated
motion of centre of mass.

Uniformly accelerated motion of centre of on a straight line

Two blocks of masses m; = 2 kg and m, = 3 kg lying on smooth
horizontal surface. Att =0, m, is given avelocity 10 m/s in leftward
direction and a force of 10 N is applied on the block of mass m; in
rightward direction (shown in Figure 2.21(A)).

10m/s =
& m —AMAMA— IIl ﬁF 10N .
> Figure2.21(A)

(A) Find momentum of the two blocks systemat t = 1 sec.
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Solution

(B) Find velocity of centre of the two blocks system at t = 3 sec.

(C) Find displacement of centre of mass of the two blocks system
fromt=0tot=2sec.

Net external force on the system is F = 10 N in rightward direction.
Therefore the acceleration of the centre of mass of the systemis

__F
m +m,

A

=—=2m/¢ in rightward direction.

(A) As acceleration of centre of mass is constant, kinematics
equations are applicable. Take rightward direction as positive. The
initial velocity of centre of massis

_ mu, +mu,
m +m,

_ -10x3
2+3

=-6m/s

cm

Vo, = U T atmt
or Vy, = —6+2x1=-4m/s.
The momentum of systematt=1secis
P=(my + mMy)Vem
=-20kgm/s

Thus, the momentum of system at t = 1 sis 20 kg m/s in leftward
direction.
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Solution

(B) - Vem = Uem + @m t

or Ven=-6+2x%x3
=0
1
(C) S= ucmt -i_Eacmt2
=—6><2+1><2><22
2
=-12+4=-8m

A block of mass m; = 5 kg is released from rest from top of large
triangular smooth block of mass m, = 10 kg (Shown in Figure
2.22(A)).

Q

A
smooth (Figure2.22(A))

(A) Does centre of mass of blocks system move horizontally?

(B) Does the centre of mass of blocks system move on vertical
straight line?

(C) Find acceleration of the centre of mass of the blocks system.
(D) Find momentum of the blocks system at t =1s.

The external forces on the blocks system are weight of blocks, (m; +
my) g in downward direction and normal reaction ‘N’ by horizontal
surface in upward direction.

(A) No,
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As frictiona force is absent, net externa force in horizontal direction
Is zero. Therefore the acceleration of the centre of mass of the system
in horizontal direction is zero.

(B) Yes,

Initially, centre of mass is at rest. As the block of mass m; will move
down aong inclined surface, the centre of mass will start to move
vertically downward. For this, weight of blocks, (m; + m,) g should
be greater than the normal reaction N of horizontal surface. Therefore,
the acceleration of the centre of mass of the systemis

_(m+m)g- N
m +m,

A

along vertical straight line in downward direction.

(C) From force diagram of the triangular block (shown in Figure
2.22(B)),

(Figure 2.22(B))

Nisinb=mya
or N;sin37=10&
~10a, 50 _
1—?—36‘2 (i)
5
And N =m,g+ N, cosg
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N =100+ 5—3? a, cos37

4

50
or N =100+—a,x—
3 % 5

N=100+4—:;)z-12 (i)

From force diagram of block of mass m, in the frame of triangular

block (shown in Figure 2.22(C))

AN

ma,
q
MY (Figure 2.22(C)
N, + ma, =sing = mg cosq
4 3
or Nl=50><g—5a2 ><g
or N, =40- 3a, (i)

Fromeq" (i) and (iii),

S—:az =40- 3a,

or —a, =40

120

(130)



From eq" (i),

|\|=100+4_:;)a2

~100+ 40,120
3 59

=1271N

_(m+m)g- N
m, +m,

_150-1271
15

A

=1.52m/ s*

(D) Vem = U T 8t
=0+152"1
=152 m/s
The momentum of systemat t = 1sis
P = (my + my)ven
=15x1.52=22.8kg m/s

Thus, the momentum of systematt =1 secis22.8 kg m/sin
downward direction.

2.23 Figure 2.23(A) shows of a uniform thin rod of mass m and length L
placed vertically on a smooth horizontal surface. Now lower end starts
to dip dueto adlight jerk.
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X
O smooth (Figure 2.23(A))

(A) Istragectory of the centre of mass vertical straight line?

(B) Find the equation of trajectory of a point of rod at distance ¢,
from the lower end.

(A) Yes

Initially centre of mass of rod is a rest. As surface is smooth, net
external force on the rod in horizontal direction is zero. Therefore, the
centre of mass of the rod does not move in horizontal direction. In
vertical direction, externa forces on the rod are the weight mg of rod
in downward direction and normal reaction ‘N’ of horizontal surface
in upward direction. Therefore centre of mass falls down verticaly as
shown in Figure 2.23(B).

%3&

0 (Figure 2.23(B))

(B) At an instant t, the co-ordinates of point P are (X, y) as shown in
figure 2.23(C).

From Figure, 2.23(C),
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X Figure, 2.23(C)

. PA vy .
sing=—=—=> |
g PD ¢, )

Also, sinq:C'—O

D
l . l .
C'O=—=sn wC'D=— I
! sing [vco-7] (i)

In A C'PB,
BP X .
cosq =——= I
A=cp=7 (i1)
5_ 0

+
AN
P

Thus, the tragjectory of the point Pisélliptical in shape.

If gozé the trajectory of point Pis circular in shape
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2.24.

Solution

2.25

Solution

A triangular plate of mass m is placed on smooth horizontal surface.
Three forces start to act as shown in Figure 2.24(A). Find the initia
acceleration of centre of mass of the triangular plate.

F YT
oF " l > X

3F y

Figure 2.24(A) Figure 2.24(B)

The net external force on the plate is Fext = 4Fi +2Fj . The acceleration
of centre of mass of the plateis

. =lfext
= - m
4F ~ 2F .
=—1i+—|.
m m

A block of mass 3 kg is projected with a speed of 10 m/s at an angle
15° with horizontal. It explodes into two pieces of masses 1 kg and 2
kg at the top of its flight. The piece of 1 kg mass drops straight down
from rest after the explosion while the piece of 2 kg mass moves off
horizontally, so that they land simultaneously. Where does the piece
of 2 kg mass land? (Neglect air resistance)

Considering the block to be the system, the centre of mass continues
on the same parabolic path as the block’s path before exploding. The
reason behind this is that the only external force before the pieces hit
the ground is the force of gravity. The forces exerted in the explosion
areinterna forces,
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~. ~
., -

O :T_ kg Céntre 2‘ kg
of mass

these forces do not affect the motion of the centre of mass. The range
of path followed by centre of massis

_ u’sin2a =10"’sin30

R
g 10
=5m.
X, = mx +mXx,
m +m,
l><§+ 2X,
or 5= 2
1+2
5 p—
or 15- E— 2X2
5,
%"
=6.25m
Thus, the piece of 2 kg will land at distance 6.25 m from the point of
projection.
2.26 A man of mass 50 kg leaps vertically upward with initial velocity 10

m/s from a spring board. As he rises up, he takes off his son of mass
30 kg sitting at the horizontal branch of atree at height 2 m from the
spring board. What is the maximum height attained by the pair.

Solution  Consider man and his son as a system.
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2.7

The velocity of man just before catching the sonis
V. =10* - 2x10x 2 = 60
v, = J6om/ s

The velocity of centre of mass of the system just after catching the son
by the manis

_50J60 _5v60

u
" 50+30 8

The maximum height attained by the combined systemis

2
H=p+tm_p 22, 60

29 64 2°10
=2+117=3.17m.
The C-Frame

The reference frame rigidly fixed to centre of mass of a system of
particles is known as the centre of mass frame, or briefly the C-frame.
Let us consider a system of n particles of total mass M = m; +m;,
+...+m,. These particles are moving with velocities v, v,..V.
respectively. The velocity of the centre of mass of the systemis

v - myV, + myv,..mv,

C m+m+..+m

my,

= (2.7())
2

i=1

N Ngy

=

The momentum of i particlein C-frameis
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IS;c:m(v'_vc)

:m\z - mvc

The total momentum of the system in C-frameis

n

I_D;c =zm\7| _vac
i=1 i=1 i=1

Putting the value of eq" 2.7(i),

Thus, it is one of distinctive feature of C-frame that the total
momentum of a system in c-frameis zero.

Once the momentum of system in C-frame calculated, it is easy to
calculate the kinetic energy of system in C-frame.

The kinetic energy of i" particlein C-frame is

1
T ==mVv
IC Zm IC
=Zm@- vy

1 -
=Sm (¥ - 297

1,1,
=S MY S My - MY,

The total kinetic energy of the systemin C-frameis
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T=T. % M2 2.7(ii)

Where T = kinetic energy of system
Tem = Kinetic energy of the system in C-frame
M = Total mass of the system.

From this, it isimportant to keep in mind that the kinetic energy
of a system of particlesisthe sum of the kinetic energy in c-frame.
Tem and kinetic energy associated with the centre of mass motion,
1mv2 .
2 cm
Total mechanical energy of a system consists of potential energy and
kinetic energy of the system. The potentia energy of a systemis same
in al reference frames while kinetic energy of a system is frame

dependent.

Thus, the mechanical energy of a system is also frame dependent.
Adding potential energy ‘U’ in both sides of equation 2.7(ii), we
obtain the formula for mechanical energy of a system.
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2.8

T :Tcm +l Mvsm
2

or T+U =T, +U +%Mv§m
VY:
or E= By 5 MV,

Where E = Total mechanical energy of a system of particles
E.n = Total mechanical energy of systemin C- frame.

Total mechanical energy of a system in C-frame is also known as
internal mechanical energy of the system.

It no external forces act on the system, the centre of mass of system
moves with constant velocity.

The C-frame of such type of systemisinertia in nature. If net externa
force on the systemis non zero, C-frameis non inertial in nature.

C-frame of a system of two particles

Let us consider a system of two particles of masses m; and m, and
their velocities are v, and v, respectively.

The momentum of first particlein C-frameis

Ec:mm
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2.27

- m(vl - \72): m\712.

Where m= nlmlf;z =it isknown as reduced mass of the system and v,

isrelative velocity of first particle with respect to second particle.

Similarly, the momentum of second particleis

P = m(\72 - \71): NN, .

Thus, the momenta of both particles in C-frame are equal in
magnitude but opposite in direction.

e P.[=|P

2c

= m|vrel|

The kinetic energy of the system of two particlesin C-frameis

2 2
— P].C+P2C

2m_ 2m,

cm

Thus, the total mechanical energy of systemin C-frameis

cm

1
E =§m|vre||2+U

smooth (Fig. 2.27(A))
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Solution

Two blocks each of mass m = 10 kg lying on a smooth horizontal
surface are interconnected with a light spring of spring constant 100
N/m. One of the blocks is set in notion with speed 10 m/s at the
instant when elongation in spring is 10 cm.

(A) Find internal mechanical energy of this system in the process of
motion.

(B) Find magnitude of momentum of each particle in C-frame.
(C) Find total momentum of system in C-frame.

(A) Since, the surface is smooth and spring force is conservative in
nature. Therefore, the total mechanical energy of the system and the
velocity of centre of mass remain constant. The kinetic energy of the
systemin C-frameis

1

T, ==mV
cm 2 rel

_l[mxm
2\m+m

j(10— 0)°

_ 1,10, 100= 2503
22

The potential energy is

U=2ke
2

:%xlOOx(O.l)

=05J
Thus, the internal mechanical energy of system

= The mechanical energy of the system in C-frame
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=T,,tU=250+05
= 250.5 Joule.

(B) The magnitude of momentum of each block in C-frameis

R

=|B,

:(mx m](lO—O)

m+m

c - m|vre||

:Exlo
2

=50 kg m/s

(C) Total momentum of the system in C-frameis zero.

2.28 Calculate the kinetic energy of the system of particles as (shown in
Figure 2.28(A))
3m/s
vV, =4m/s
r—
m, =1 kg m, = 2kg
Figure 2.28(A) Figure 2.28(B)
Solution The kinetic energy of the systemin C-frameis
1

T = E m|\7rel |2

cm

1
- E[ mlmlerZmZ j(vf +V; — 2V, c0s90)

1(1x2
i) )
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:lxzx 25:§ Joule
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